Abstract The specific energy-depth relationship in open channels with parabolic cross-sections is analytically inverted. Two nondimensional expressions of the specific energy are considered, depending on the prescribed quantity (specific energy or alternate depth). The inversion of such functions consists of finding the roots of cubic and quartic equations. By solving a quartic equation for a given discharge and for each value of the specific energy, a subcritical depth and a supercritical depth are found analytically. In this case, two acceptable roots are recognized and two other roots are discarded, on the basis of their physical meaning. Moreover, by solving a cubic equation for a given discharge and for each value of the depth, the other corresponding alternate depth is found analytically. Then, one acceptable root is recognized and two other complex conjugate roots are discarded. Finally, different examples are presented, to show the efficiency of the proposed solutions. Such analytical solutions can be easily used in natural rivers and parabolic channels. Résumé La relation entre l'énergie spécifique et la profondeur dans les canaux ouverts à section parabolique est inversée analytiquement. Deux expressions adimensionnelles de l'énergie spécifique sont considérées, en fonction de la quantité prescrite (énergie spécifique ou profondeur correspondante). L'inversion de telles fonctions consiste à trouver les racines d'équations cubiques et quartiques. Par la résolution d'une équation quartique pour un débit donné et pour chaque valeur de l'énergie spécifique, on trouve analytiquement une profondeur sous-critique et une profondeur supercritique. Dans ce cas, deux racines acceptables sont identifiées et deux autres racines sont rejetées, sur la base de leur signification physique. De plus, en résolvant une équation cubique pour un débit donné et pour chaque valeur de la profondeur, on trouve l'autre profondeur correspondant analytiquement. Ensuite, une racine acceptable est identifiée et deux autres racines complexes conjuguées sont rejetées. Enfin, différents exemples sont présentés pour montrer l'efficacité des solutions proposées. De telles solutions analytiques peuvent être facilement utilisées dans les rivières naturelles et dans les canaux paraboliques.
INTRODUCTION
The concept of specific energy is important to solve common problems in practical hydraulic engineering. For a rectangular cross-section, inverting the specific energy function corresponds to solving a cubic equation. Analytical solutions of the specific energy equation in rectangular channels are available in the technical literature (Chanson, 1999; Abdulrahman, 2008; Valiani & Caleffi, 2008) . Das (2007a) developed an iterative methodology for the simultaneous determination of alternate depths and sequent depths in trapezoidal, rectangular and triangular channels. Vatankhah & Kouchakzadeh (2008) used an iterative fixed-point method and showed that this method allows one to distinguish subcritical and supercritical depths in open channels with trapezoidal, rectangular and triangular cross-sections. Valiani & Caleffi (2009) proposed an approximate analytical perturbation technique for solving specific energy and specific force equations in power-law cross-sections. The proposed method by Valiani & Caleffi is applicable for channels with power-law cross-sections with exponent m ≤ 0.4. To be used for all encountered channels of power-law cross-section, such as parabolic cross-sections with m = 0.5, the procedure should be developed for m values between 0.4 and 1, too. Vatankhah (2009) proposed an iterative fixed-point method for solution of specific energy and specific force equations in open channels with power-law cross-sections. Moreover, Vatankhah (2010) presented the analytical solution of specific energy and specific force equations in trapezoidal and triangular channels. Vatankhah & Omid (2010) derived an analytical solution of the specific force equation for triangular channels.
In spite of numerous investigations into the solutions of specific energy and specific force equations, the above literature review reveals that there are analytical solutions only for trapezoidal, rectangular and triangular channels. In this study, the specific energy equation in open channels with parabolic cross-sections is analytically inverted. The parabolic channel is a special case of channels having powerlaw cross-sections (with exponent m = 0.5) and has many advantages in practice (Mironenko et al., 1984; Das, 2007b; Valiani & Caleffi, 2009; Easa, 2009 ): (a) parabolic cross-sections are often a quite good approximation of the real geometry of natural rivers; (b) parabolic sides improve slope stability by reducing the problems caused by water seepage; (c) unlined channels tend to approximate a parabolic shape after a long period; (d) technology is available for constructing this shape of channel; and (e) parabolic channels do not have sharp edges at which cracks may occur due to stress concentration.
Inversion of the specific energy equation for such cross-sections involves the solution of cubic and quartic equations. A quartic equation can be solved using classical methods, such as Ferrari's solution (Abramowitz & Stegun, 1972; Beyer, 1987a,b) , but further manipulations based on the algebraic analysis and physical meaning of some terms make the final result much more friendly to use.
Specific energy equation for alternate depths
The concept of specific energy is very useful for physical interpretation of rather complex problems in open channel hydraulics. Specific energy can be interpreted as the sum of potential and kinetic energy per unit weight of water with respect to the bottom of the channel. Assuming that the velocity distribution is uniform and the pressure distribution is hydrostatic, the specific energy equation in channels of regular shapes can be expressed as (Subramanya, 1986) :
where E is the specific energy, Q is the discharge, y is the water depth, A is the cross-sectional area of flow and g is the acceleration due to gravity. There are two possible depths of flow (known as alternate depths) for given values of Q and E. The alternate depths coincide at minimum specific energy, E c . The depth at such a minimum is the critical depth, y c . The critical depth in a parabolic cross-section (A = ny 3/2 ; n = 2/3 b 0 / √ y 0 , b 0 and y 0 being the top width and the top depth, respectively), for a prescribed value of the discharge, is:
The minimum specific energy can also be expressed in terms of y c as:
Dividing equation (1) by y c and using equation (2), the specific energy equation can be transformed into the following dimensionless form:
in which ε = E/y c and η = y/y c . Note that, under critical flow condition, ε = 4/3 and η = 1. For a given channel geometry and a specified discharge, the relationship between dimensionless alternate depths (η sup = y sup /y c and η sub = y sub /y c ) can be described using equation (4) as:
The subscripts "sup" and "sub" refer to the supercritical and the subcritical flow conditions, respectively. For a given specific energy, discharge and channel geometry, equation (4) can be used for the simultaneous determination of alternate depths. However, in many situations, either subcritical or supercritical depth may be known along with channel geometry and discharge. In such cases, it is not necessary to determine the alternate depths simultaneously. For a given channel geometry and discharge, the subcritical (supercritical) depth can be found in terms of the other supercritical (subcritical) depth using equation (5).
Analytical solution for a given flow depth
For η sup ,η sub = 0, equation (5) can be rearranged as:
Note that η sup = η sub is one root of the quartic equation (6). Since η sup = η sub is the physical solution only for critical flow condition, the root η sup = η sub = 1 can be discarded. Omitting this solution, equation (6) is reduced to the following cubic equation:
For a given alternate depth, η E (subcritical or supercritical), equations (7) and (8) can be written as:
The discriminant of equation (9) is positive; thus, one root is real and two roots are complex conjugate, without physical meaning. The real root of equation (9) can be determined as (Hungerford, 1989) : If one of the alternate depths is known, the other depth can be calculated using equation (10). The relation (equation (10)) between dimensionless alternate depths is plotted in Fig. 1 . Obviously, η sup = η sub = 1 at critical condition, and generally η sup decreases when η sub increases.
Analytical solution for a given specific energy
For η = 0, equation (4) can be rearranged as follows:
Substituting η = x + ε/4 into equation (11) one obtains:
where p = −3ε 2 /8; q = −ε 3 /8 and r = 1/3 − 3ε 4 /256. By adding and subtracting x 2 k+k 2 /4 (where k is a proper quantity, which will be specified in the following) to equation (12) one obtains:
Equation (13) can be rewritten as:
Note that the first term in equation (14) is a perfect square and the second term is a perfect square if:
or
Therefore the solution of a quartic equation can be reduced to the solution of a cubic equation. One real root of equation (16) is:
Inserting equation (15) in equation (14), it is possible to obtain:
Equation (18) gives the following two quadratic equations:
Four roots of equation (12) are then obtained pairwise from solution of the two quadratic equations (19) and (20), as follows:
Only equations (21a) and (21b) generate critical depth η = 1 for the value ε = 4/3. Hence, desired solutions are:
in which k is calculated via equation (17). Figure 2 shows these dimensionless equations. Obviously, alternate depths coincide at the critical flow conditions. In the critical point, the specific energy is (22) and (23)).
minimum, E c /E = 4/3ε = 1 and alternate depths are equal; that is, y sub /E c = y sup /E c = 1/ε = 3/4. It is worth noting that in equation (17) the cubic root of a real negative number must be chosen as a negative real number. Some mathematical packages compute the cubic root of a real negative number as a complex number. So, the behaviour of the mathematical package that is used for computations has to be checked. Microsoft Excel computes the cubic root (one-third power) of a real negative number as a negative real number. Mathcad software computes the cubic root of a real negative number as a negative real number, but a real negative number raised to the power of one-third as imaginary complex number (e.g.
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√ −1 = −1 but (-1) 1/3 = 0.5 + 0.866i.). All solutions having physical meaning are summarized in Table 1 .
ILLUSTRATIVE EXAMPLES
Different examples are presented here, to show the extreme simplicity and efficiency of the proposed analytical solutions.
Flow under a sluice gate
Consider a vertical sluice gate in a horizontal smooth parabolic channel (n = 2 m 1/2 ). The upstream water depth and upstream flow velocity are 4.2 m and 0.5 m/s, respectively. Assuming a frictionless flow, calculate downstream flow depth.
First solution
The channel has a discharge Q = 0.5 × 2 × 4.2 3/2 = 8.607 m 3 /s. Using equation (2) 
Smooth change in channel width
Water flows at a depth of 2 m and a velocity of 1.2 m/s in a parabolic channel with n = 3 m 1/2 . The channel is gradually contracted to a different parabolic crosssection. Within the transition the channel bottom is horizontal. Find the depth in the contraction and the depth upstream the contraction when the cross-section at the throat is: (i) a parabola with n = 2 m 1/2 ; (ii) a parabola with n = 1.2 m 1/2 . (See Fig. 3) .
Solution Channel transitions are used where changes in the channel cross-sectional geometry are necessary. The hydraulic characteristics of flow at channel transitions depend on whether the flow is subcritical or supercritical. The upstream Froude number is:
Note that the width of the channel at the water surface is T = dA/dy. The approach flow is subcritical; hence, there is a drop in the water surface at the contraction. The cross-section geometry (n c ) which causes critical flow in the contraction can be obtained from the following computations: ⇒ n c2 = 1.647 m 1/2 .
Scenario (i)
Since n = 2>n c2 the upstream depth will remain unchanged at 2 m. The depth in the contraction can be calculated as: 
Scenario (ii)
Since n = 1.2 < n c the contraction works under choked conditions. The upstream depth must rise to create a higher total head and Thus ε = 2.429/1.152 = 2.108; using equation (17), k = 0.964; from equation (22), η sub = 2.070; hence y 1 = 1.326×1.152 = 2.385 m.
CONCLUSION
The specific energy concept is extremely useful in the solution of many problems in open channel flow. This research presents analytical inversion for the classical specific energy-depth equation in parabolic channels. An original analytical solution is presented, which allows to obtain the two depths (one subcritical, one supercritical) corresponding to a given value (greater than the critical value) of the specific energy. Moreover, for a given discharge and for each value of one alternate depth, the other alternate depth is found analytically. These simple explicit relationships are considered to be useful engineering tools to solve common problems in natural rivers and channels with free surface flow.
